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Abstract: We investigate the regularity of Levy processes within the 2-microlocal 
analysis framework. A local description of sample paths is obtained, refining the classic 
spectrum of singularities determined by Jaffard. As a consequence of this result and 
the properties of the 2-microlocal frontier, we are able to completely characterize 
the multifractal nature of the linear fractional stable motion (extension of fractional 
Brownian motion to a-stable measures) in the case of continuous and unbounded 
sample paths as well. The regularity of its multifractional extension is also determined, 
thereby providing an example of a stochastic process with a non-homogeneous and 
random multifractal spectrum. 
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1. Introduction 

The study of sample path continuity and Holder regularity of stochastic processes is a very 
active field of research in probability theory. The existing literature provides a variety of 
uniform results on local regularity, especially on the modulus of continuity, for rather general 
classes of random fields (see e.g. Marcus and Rosen [30], Adler and Taylor [2] on Gaussian 
processes and Xiao [45] for more recent developments). 

On the other hand, the structure of pointwise regularity is often more complex, in 
particular as it often happens to behave erratically as time passes. Such sample path 
behaviour was first put into light for Brownian motion by Orey and Taylor [33] and Perkins 
[34]. They respectively studied fast and slow points, which characterize logarithmic variations 
of the pointwise modulus of continuity, and proved that the sets of times with a given 
pointwise regularity have a particular fractal geometry. Khoshnevisan and Shi [25] recently 
extended the fast points study to fractional Brownian motion. 

As exhibited by Jaffard [22] , Levy processes with a jump compound also display an inter- 
esting pointwise behaviour. Indeed, for this class of random fields, the pointwise exponent 
varies randomly inside a closed interval as time passes. This seminal work has been enhanced 
and extended by Durand [18], Durand and Jaffard [19] and Barral et al. [10]. Particularly, the 
latter proves that Markov processes have a range of admissible pointwise behaviours much 
wider than Levy processes. In the aforementioned works, multifractal analysis happens to 
be the key concept for the study and the characterisation of local fluctuations of pointwise 
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regularity. In order to be more specific, let us first recall the definition of the different notions 
previously outlined. 

Definition 1. A function / : R — > R'^ belongs to C" , with i G R and a > 0, if there exist 
C > 0, p > and a polynomial Pt of degree less than a such that 

yueB{t,p); \\f{u)^Pt{u)\\<C\t~ur. 

The pointwise Holder exponent of f at t is defined by af^t — sup{a > : / G C'f}, where 
by convention sup{0} = 0. 

Multifractal analysis is concerned with the study of the level sets of the pointwise expo- 
nent, usually called the iso-Holder sets of /, 

Eh = {t eH : af,t ^ h} for every G R+ U {+oo}. (1.1) 

To describe the geometry of the collection {Eh)hGR+, and thereby to determine the arrange- 
ment of the Holder regularity, we are interested in the local spectrum of singularities of /. 
It is usually denoted df{h,V) and defined by 

df{h, V) = dimn{Eh n V) for every heR+U {+00} and V eO, (1.2) 

where O denotes the collection of nonempty open sets of R and dini^ the Hausdorff 
dimension (by convention dim-j^(0) — ~oo). 

Although {Eh)he'R.+ are random sets, stochastic processes such as Levy processes [22], 
Levy processes in multifractal time [9] and fractional Brownian motion happen to have 
a deterministic multifractal spectrum. Furthermore, these random fields are also said to 
be homogeneous as the Hausdorff dimension dx{h,V) is independent of the set V for all 
h G R+. When the pointwise exponent is constant along sample paths, the spectrum is 
described as degenerate, i.e. its support is reduced to a single point (e.g. the Hurst exponent 
in the case of f.B.m.). Nevertheless, Barral et al. [10] and Durand [17] provided examples of 
respectively Markov jump processes and wavelet random series with non-homogeneous and 
random spectrum of singularities. 

As stated in Equations (1.1) and (1.2), classic multifractal analysis deals with the study 
of the variations of pointwise regularity. Unfortunately, it is known that common Holder 
exponents (local and pointwise as well) do not give a complete picture of the local regularity 
(see e.g the deterministic Chirp function t 1— > sin(|t|^^) detailed in [20]). Furthermore, 
they also lack of stability under the action of pseudo-differential operators. 

2-microlocal analysis is one natural way to overcome these issues and obtain a more 
precise description of the local regularity. It has first been introduced by Bony [13] in the 
deterministic frame to study properties of generalized solutions of PDE. More recently, 
Herbin and Levy Vehel [20] and Balanga and Herbin [7] developed a stochastic approach 
based on this framework to investigate the finer regularity of stochastic processes such as 
Gaussian processes, martingales and stochastic integrals. In order to the study sample path 
properties in this frame, we need to recall the concept of 2-microlocal space. 

Definition 2. Let i G R, s' < and a G (0, 1) such that a -s' ^ N. ^ function / : R ^ R'' 
belongs to the 2-microlocal space C^"^'" if there exist C > 0, p > and a polynomial Pt such 
that 

II {fiu) - Pt{u)) - (ifiv) - Pt{v)) II < C\u - vr{\u ~t\ + \v- t\y\ (1.3) 
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for all u,v ^ B(t, p) . 

The time-domain characterisation (1.3) of 2-microlocal spaces has been obtained by Seuret 
and Levy Vehel [41]. The original definition given by Bony [13] relies on the Littlewood-Paley 
decomposition of tempered distributions, and thereby corresponds to a description in the 
Fourier space. Another characterisation based on wavelet expansion has also been exhibited 
by JafFard [21]. The extension of Definition 2 to cr ^ (0, 1) relies on the following important 
property satisfied by 2-microlocal spaces (see Theorem 1.1 in [23]), 

Va>0; feCt'"' ^ /"/ e Ct^+"''', (1.4) 

where /"/ designates the fractional integral of / of order a. As a consequence of (1.4), the 
application of Equation (1.3) to iterated integrals or differentials of / provides an extension 
of Definition 2 to any ct g R \ Z, which is sufficient for the purpose of this paper. 

Similarly to the pointwise Holder exponent, the introduction of 2-microlocal spaces leads 
naturaly to the definition of regularity tool named the 2-microlocal frontier and given by 

Vs' e R; a/,t(s') = sup{(7 G R : / G 0^'"'}. 

2-microlocal spaces enjoy several inclusion properties which imply that the map s' i— ^ a f^t{s') 
is well-defined and display the following features: 

• cTf^ti') is a concave non-decreasing function; 

• <Jf^t{') has left and right derivatives between and 1. 

As a function, the 2-microlocal frontier (Jf,t{') offers a more complete description of the local 
regularity. In particular, it embraces the local Holder exponent since a/^f — CT/_t(0). Further- 
more, as stated in [32], if the modulus of continuity of / satisfies uj{h) = O (l/|log(/i)|), the 
pointwise exponent can also be retrieved using the formula a/^t = — inf{s' : CT/_t(s') > 0}. 
Note that the previous formula can not directly deduced from Equation 1.3 since Definition 
2 does not stand when cr = 0. [32] provides an example of generalized function which does 
not satisfy this relation. 

As observed [20] , Brownian motion provides a simple instance of 2-microlocal frontier in 
the stochastic frame: almost surely for all t e R, aB,t satisfies 

Vs'eR; obA^')={\ + ^') (1-5) 

In this paper, the 2-microlocal approach is combined with the classic use of multifractal 
analysis to obtain a finer description of the regularity of stochastic processes. Following the 
path of [22, 18, 19], we refine the multifractal description of Levy processes (Section 2) and 
observe in particular that the use of the 2-microlocal formalism allows to capture subtle 
behaviours that can not be characterized by the classic spectrum of singularities. 

This finer analysis of sample path properties of Levy processes happens to be very useful 
for the study of another class of processes named linear fractional stable motion (LFSM). 
The LFSM is a common a-stable self-similar process with stationary increments, and can be 
seen as an extension of the fractional Brownian motion to the non-Gaussian frame. Since it 
also has long range dependence and heavy tails, it is of great interest in modelling. In Section 
3, we completely characterize the multifractal nature of the LFSM, and thereby illustrate 
the fact that 2-microlocal analysis is well-suited to study the regularity of unbounded sample 
paths as well as continuous ones. 
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1.1. Statement of the main results 

As it is well known, an R''-valued Levy process (^t)teR+ has stationary and independent 
increments. Its law is determined by the Levy-Khintchinc formula (see e.g. [40]): for all 
t e R+ and A e R'*, E[e*<^^^'>] = e*'^(^) where ?/' is given by 

VAeR'*; i,{X) = i{a,\)-\{\Q\)+ I (e^<^'=^> - 1 - z(A, .T)l{||,||<i})^(da;). 

Q is a non-negative symmetric matrix and tt a Levy measure, i.e. a positive Radon measure 
on R'' \ {0} such that /j^^(l A ||a;|p) 7r(da;) < oo. 

Throughout this paper, it will always be assumed that 7r(R'') = +00. Otherwise, the 
Levy process simply corresponds to the sum of a compound Poisson process with drift and 
a Brownian motion whose regularity can be simply deduced. 

Sample path properties of Levy processes are known to depend on the growth of the Levy 
measure near the origin. More precisely, Blumenthal and Getoor [12] defined the following 
exponents /3 and /3', 

/?-inf|5>0: j^^(lA||x||^)^(dx) <oo| and /?' = |^ ^ = [J' (1.6) 

Owing to tt's definition, j5, [5' e [0, 2]. Pruitt [36] proved that ax.o 1//? when (5 = 0. Note 
that several other exponents have been defined in the literature focusing on Levy processes 
sample paths properties (see e.g. [26, 27] for some recent developments). 

Jaffard [22] studied the spectrum of singularities of Levy processes under the following 
assumption on the measure tt, 

V 2"^/Cj log(l + Cj) < 00, where Q = / 7r(dx). (1.7) 

j^N J2-3-^<\\x\\<2-o 

Under the Hypothesis (1.7), Theorem 1 in [22] states that the multifractal spectrum of a 
Levy process X is almost surely equal to 

{ph if /le [0,i//3'); 

VFeO; dx{h,V)^l\ if/i=l//3'; (1.8) 
\-(X) if /i e (l//3',+oo]. 

Note that Equation (1.8) still holds when /3 = 0. Durand [18] extended this result to 
HausdorfF gf-measures, where g is a gauge function, and Durand and Jaffard [19] generalized 
the study to multivariate Levy fields. 

We establish in Proposition 1 a new proof of the multifractal spectrum (1.8) which does 
not require Assumption (1.7). We observe that results obtained in [18] on Hausdorff g- 
measure are also extended using this method. 

In order to refine the spectrum of singularities (1.8), we focus on the study of the 
2-microlocal frontier of Levy processes. For that purpose, we introduce and study the 
collections of sets {Efi)he'R+ a-^id {Eh)he'R+ respectively defined by 

Eh^{te Eh : Vs' e R; (Tx,t(s') = {h + s') A O} and E,, = Eh \ Eh. 
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The family (i?/i);igR^ represents the set of tniies at which the 2-microlocal behaviour is rather 
common (and thus similar the 2-microlocal frontier (1.5) of Brownian motion), whereas 
at points which belong {Eh)he'R.+ , the 2-microlocal frontier has an unusual form, with in 
particular a slope different from \ at s' = —h. 

The next statement gathers our main result on the 2-microlocal regularity of Levy pro- 
cesses. 

Theorem 1. Sample paths of a Levy process X almost surely satisfy 

'fih z//ie [0,1//?'); 

VI/ eO; dim«(^,,nF)= <( 1 ifh=\/P'; (1.9) 

'OO if h£ {I IP', +oo\. 

The collection of sets {Eh)he'R.+ enjoys almost surely 

yveO; dim,(i^,nv^)<p'^-^ ifheii/2^A/n 

^-|-oo [0,1/2/3] U[l//3',+oo]. ^ ' 

Furthermore, the 2-microlocal frontier at t Eh satisfies <Jx,t{s') < (^^) A -|- s') A 
for all s' >-l/p'-l. 

Remark 1. The previous statement induces that dim^(i?/i) < dim^(£';j) for all h E 
[0, 1//3']. Hence, from a HausdorfF dimension point of view, the majority of the times t G R+ 
have a rather classic 2-microlocal frontier s' i— ?> {ax.t + s') A 0. 

Remark 2. The collection of sets (£'/i)hGR+ illustrates the fact that 2-microlocal analysis 
can capture particular behaviours that are not necessarily described by a classic multifractal 
spectrum. 

Examples 1 and 2 constructed in Section 2.3 show that different behaviours may occur, 
depending on properties of the Levy measure. The first one provides a class of Levy processes 
which satisfy Eh = % for all h G [0, 1//3']. On the other hand, in Example 2 is constructed 
a collection of Levy measures {T^h)h£{i/2[j' ,i/ p') such that the related Levy process almost 
surely enjoys Eh ^ 0. 

It remains an open question to completely characterize the collection {Eh)he'R.+ in terms 
of the Levy measure tt (Examples 1 and 2 indeed prove that the Blumenthal-Getoor exponent 
P is not sufficient). 

Remark 3. Although sample paths of Levy processes do not satisfy the condition Lo{h) = 
0(l/|log(ft,)|) outlined in the introduction. Theorem 1 nevertheless ensures that the pointwise 
Holder exponent can be retrieved from the 2-microlocal frontier at any t G R+ using the 
formula ax,t = — inf{s' : ax,t{s') > 0}. 

Since this work extends the study of the classic spectrum of singularities, it is also quite 
natural to investigate geometrical properties of the sets {E^^s')a.s'e'R. defined by 

E^^s' = {t G R+ : Vu' > s'; X. G Cf'"' and Vu' < s'; X. ^ C^'"'"'}. 



Theorem 1 induces the next statement. 
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Corollary 1. A Levy process X satisfies almost surely for any cr G [—1,0], 

ifse [0,1//?'); 

VFeO; diuin{E„^s'r\V)^ {I if 1/13'; (1.11) 




oth 



erwise. 



where s denotes the common 2-microlocal parameter s ~ a — s' . Furthermore, for all s' € R, 
Eq^s' — E^gi and E^_s' is empty if a > 0. 

Corollary 1 generalizes the multifractal formula (1.8) since the spectrum of singularities 
corresponds to the case a = 0. Note that the subtle behaviour exhibited in Theorem 1 is not 
captured by Equality (1.11). As outlined in the proof (Section 2.2), this property disappears 
because the sets {Eh)h are negligible compared to {Eh)h in terms of Hausdorff dimension. 

Regularity results established in Theorem 1 also happen to be interesting outside the scope 
of Levy processes, thanks to the powerful properties satisfied the 2-microlocal frontier. More 
precisely, it allows to characterized the multifractal nature of the linear fractional stable 
motion (LFSM). This process is usually defined by the following stochastic integral (see e.g. 
[39]) 

Xt= I [{t-u)^-"'' -{-u)l-''"]M^j,{du), (1.12) 

where Ma^jj is an a-stable random measure and H G (0,1). Several regularity properties 
have been determined in the literature. In particular, sample paths are known to be nowhere 
bounded [29] ii H < 1/a, whereas they are Holder continuous when H > 1/a. In this latter 
case, Takashima [44], Kono and Maejima [28] proved that the pointwise and local Holder 
exponents satisfy almost surely H — 1/a < ax,t < H and ax,t = El — 1/a. In the sequel, 
we will assume that a £ [1,2), which is in particular required to obtain Holder continuous 
sample paths {H > I /a). 

Using an alternative representation of LFSM obtained in Proposition 2, we enhance the 
aforementioned regularity results and obtain a description of the multifractal spectrum of 
the LFSM. 

Theorem 2. Let X he a linear fractional stable motion parametrized by a [1,2) and 
H G (0, 1) . It satisfies almost surely for all a G — ^ — 1, iJ — ^] , 

WeO; di„«,E„nr) + ' ./.e[H-i.H]; ^^^^^ 

I —oo otherwise. 

where s — a — s' . Furthermore, for all s' G R, E^j^s' is empty if a > H ~ ^. 

Remark 4. In the continuous case H > 1/a, Theorem 2 ensures that the multifractal 
spectrum {a = 0) of the LFSM is equal to 

yVeO; dxih,V)^h'-''^^' i^he[H-lH]; ^^^^^^ 
I —oo otherwise. 

Spectrum 1.14 and Equation (1.13) clearly extend the aforementioned lower and upper 
bounds obtained on the pointwise and local Holder exponents. We also note that as it could 
be expected, the LFSM is an homogeneous multifractal process. 
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Remark 5. More generally, we observe that Theorem 2 unifies in terms of regularity the 
continuous [H > ^) and unbounded {H < ^) cases. Indeed, in both situations, the domain 
of acceptable 2-microlocal frontiers have the same multifractal structure. When H > ^, it 
intersects the s'-axis, which induces ax,t > and therefore the continuity of trajectories 
owing to properties of the 2-microlocal frontier. 

On the contrary, when the domain is located strictly below the s'-axis, it implies that 
sample paths are nowhere bounded. Nevertheless, the proof of Theorem 2 ensures in this case 
the existence of modification of the LFSM such that sample paths are tempered distributions 
whose 2-microlocal regularity can be studied as well. Figure 1 illustrates this dichotomy. 




An equivalent result is obtained in Proposition 3 for a similar class of processes called 
fractional Levy processes (see [11, 31, 15]). 

The LFSM admits a natural multifractional extension which has been introduced and 
studied in [42, 43, 16]. The definition of the linear multifractional stable motion (LMSM) is 
given by equation (1.12) where the Hurst exponent H is replaced by a function t i— >■ H{t). 
Stoev and Taqqu [42] obtained lower and upper bounds on Holder exponents which are 
similar to LFSM results: for all t e R+, H{t) - 1/a < ax^t < H{t) and ax,t = H{t) - \/a 
almost surely. Ayache and Hamonier [4] recently investigated the existence of optimal local 
modulus of continuity. 

Theorem 2 can be generalized to the LMSM in the continuous case. More precisely, we 
assume that the Hurst function satisfies the following assumption, 

("Ho) : R ^ 1) is (5-H61derian, with 5 > sup H{t). 

" teR 

Since the LMSM is clearly a non-homogeneous process, it is natural to focus on the study 
of the spectrum of singularities localized at t G R+, i.e. 

V< e R+ dx{h,t) = lim dx{h,B{t,p)) = lim dim«(£;,j n B{t,p)). 
p-+0 p— >o 

The next statement correspond to an adaptation of Theorem 2 to the LMSM. 
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Theorem 3. Let X be a linear muHifractional stable motion parametrized by a €z (1,2) 
and an ('Ho)-Hurst function H. It satisfies almost surely for all t Cz H and for all a G 

, , \a{s-H(t)\^\ if s e \H(t) - ^,H(t)]; 

p-s-o I —oo otherwise. 

where s = a — s' . Furthermore, the set E^^.s' H B{t,p) is empty for any g > H{t) — ^ and 
p > sufficiently small. 

Remark 6. Theorem 3 extends results presented in [42, 43]. In particular, it ensures that 
the localized multifractal spectrum is equal to 

WeR,; ci.(/.,t) = p-^(*)) + ^ iih^[Hit)-i^Hit)]; ^^^^^^ 
I —GO otherwise. 

Moreover, we observe that Proposition 2 and Theorem 3 still hold when the Hurst function 
H{-) is a continuous random process. Thereby, similarly to the works of Barral et al. [10] 
and Durand [17], it provides a class stochastic processes whose spectrum of singularities, 
given by equation (1.16), is non-homogeneous and random. 

2. Regularity of Levy processes 

In this section, X will designate a Levy process parametrized by the generating triplet 
(a, Q, tt). Levy-Ito decomposition states that it can represented as the sum of three indepen- 
dent processes B, N and Y , where i3 is a d-dimensional Brownian motion, iV is a compound 
Poisson process with drift and F is a Levy process characterized by (0, 0, 7r(dx)l{||a.||<i}) . 

Without any loss of generality, we restrict the study to the time interval [0, 1]. As noticed 
in [22], the component N does not affect the regularity of X since its trajectories are piecewise 
linear with a finite number of jumps. Sample path properties of Brownian motion are well- 
known and therefore, we first focus in the sequel on the study of the jump process Y . 

We know there exists a Poisson measure J(df, dx) of intensity ®-k such that Y is given 

by 

/ xJ{ds,dx)—t I xTT{dx) 

J[<d,t]xD{E,l) JD{e,l) 

where for all < a < 5, D{a,b) = {x & R'' : a < ||x|| < b}. Moreover, as presented in [40] 
(Theorem 19.2), the convergence is almost surely uniform on any bounded interval. For any 
m e R+, y™ will denote the following Levy process 



Yt = lim 

6^0 



y™ = lim 



/ xJ{ds,dx)—t / a;7r(dx) 

"'[0,t]xD(e,2-'") JD{e,2-^) 



(2.1) 



2.1. Pointwise exponent 



We extend in this section the multifractal spectrum (1.8) to any Levy process. To begin 
with, we prove two technical lemmas that will be extensively used in the sequel. 
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Lemma 2.1. For any S > /3, there exists a constant Cg > such that for all m G R_|_ 

p( sup lli^r^'^lli > m2-"/'') < C,-e-™. 



Vt<2- 

Proof. Let S > (3. We first observe that for any m E R+, 



sup 

t<2-™ 



|yr^*||i > m2-™/4 = M (sup {e,Yr^') > m2-™/* 



eG{-14}'' 

Therefore, it is sufficient to prove that there exists Cs > such that for any ee{ — 1,1}'^, 



»f sup (£,rr^^) > m2-"/^) < C, 

Vt<2-™ / 



Let A = 2"/'^ and = e-^<'^'^"^''> for all t e R+. According to Theorem 25.17 in [40], we 
have E[Mi] = expji /d(o 2-™/^) (^'^^^'^^ — 1 — A(£, a;))7r(da;)}. Furthermore, we observe that 
for all s < < e R+, 

E[Mt\J^s]^Msexp\{t-s) f (e^<-''"> -1-A(e,x))7r(dx)i >M„ 

since for any y G R, — 1 — y > 0. Hence, M is a positive submartingale, and using Doob's 
inequality (Theorem 1.7 in [37]), we obtain 

P( sup (e,r;"/'') > m2-™/M =p( sup Mt > e™ ) < e-"E[A/2-™]. 

\t<2-'" / \t<2-'" / 

For all y G [—1,1], we note that — 1 — y < y^. Thus, for any m e R^., 

E[M2-™] < exp(2-" / A2(£,a;)27r(da;)l <exp(2^" / X^WxW^nidx)} . 

If /3 < 2, let 7 > be such that /3 < 7 < 2 and 7 < (5. Then, we obtain 

A2||x||V(da;) = 2-™(i-2/<5) /" • ||.T||2-^7r(da;) 

< 2-™(i-2/5)2-™/'5(2-7) /■ ||a;|p7r(dx) 
Jd(o,i) 

= 2-'"(i-t/^) / |la;||''7r(da;) < / ||a;||''7r(dx), 

J 0(0,1) JD{0,1) 

since 7 < (5. If /3 = 2, we simply observe that 

A2||x|p^(da;) < 2-™(i-2/5) /■ \\xfn{dx)<f \\x\\^7T{dx), 

r>(0,2-'"/<S) "'£'(0,1) -JDiQ,!) 

as (5 > 2. Therefore, there exists > such that for all m E R+, E[M2->n] < Cg, which 
proves the lemma. □ 
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Lemma 2.2. For any S > P, there exists a constant Cg > such that for all m G R_|_ 

sup llFJ"/'' - i;"/*!!^ > 3m2-'"/*') < Cae--"", 

.,De[o,i],|M-t)|<2-'" / 

where D is positive constant independent of S. 
Proof. We note that for any m G R+ and all S > (3, 

sup - Y^/^W^ > 3m2-™/^ 

«,tie[o,i],|u-t)|<2-™ 

Therefore, the stationarity of Levy processes and Lemma 2.1 yield 



sup llrj"/" - yj"/"!!^ > 37712-"/" < 2'"C5e-" = c,-e- 

M,i>e[o,i],|u-ti|<2-'" / 

where £> = 1 -log(2). □ 

Let us recall the definition of the collection of random sets (^5)5>o introduced in [22]. 
For every a; g fi, S(lS) denotes the countable set of jumps of Y.iyS). Moreover, for any e > 0, 
let A% be 

^1= y {t-\\^Ytf,t-r\\^Y,\W 
l|AFt||<£ 

Then, the random set As is defined by As = limsupg_^g+ Ag. As noticed in [22], if t e As, 
we necessarily have aY,t ^ j- The other side inequality is obtained in the next statement, 
extending the proof of Proposition 2 from [22] . 

Proposition 1. Let S > [3. Almost surely for all t £ [0, 1] \ S{uj), Y satisfies 

t^As ay,t>5- 

Proof. Using Lemma 2.2 and Borel-Cantelli lemma, we know that almost surely, there exists 
M{uj) such that for any m e N > M(w), 

Vu,« e [0, 1] such that \u-v\< 2-"; \\Y^'^ - < C7772-"/'', (2.2) 

where C is a positive constant. Furthermore, as t ^ A^, there exists £o > such that for all 
e < Eq, t ^ A|. Then, for all u in the neighbourhood of t, we have 



X J{ds,dx) — (t — u) / a; 7r(da;) = — (t — u) / X7r(dx), 

[t,u]xn(£o,l) JDieoA) JDieo,!) 

Since a linear component does not contribute to the pointwise exponent, we only have to 
consider the remaining part of the Levy process to characterize the regularity. 
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Let u € [0, 1] and m G N such that 2^™^^ < \t — u\ < 2^™. m can be supposed large 
enough to satisfy m > M{uj). Let ei — 2^™/''. For any jump AYs whose norm is in the 
interval [£i,eo], we have ||AFs|j'' > > \t — u\. 

Therefore, there is no such jumps AYg in the interval [t, u] and Jj^ „]xd(£i eo) ^ "^(*^'^' *^'^) — 
0. Let now distinguish two different cases. 



1. If (5 > 1, we obtain 






{t — u) X Tr{dx) 


<\t-u\ f \\x\\^ ■ \\x\\^-^ TT{dx) 




Joieueo) 


Jd(6i.,So) 



<\t-u\-e 



l-S 



||a;||^7r(da;) < C\t-u\^/^. 



Furthermore, \\Y^' — Y^' || < Clog(|t — u|) • \t — u\^l^ according to equation (2.2). 
Hence, these two inequalities imply ay.t > |. 
2. If (5 < 1 (and thus /? < 1), we have (t — u) /o^^^ ^ 7r(da::) = (t — u) Jq^q ^^-j x 7r(da;) — (t — 
u) Jjj^Q ^^-j a::7r(dx). The component {t~u) /^^g XTr(dx) is linear in the neighbourhood 
of t, and therefore can be ignored. For the second integral, we similarly observe that 



(t-u) 



X 7r(dx) 



D(0,ei) 



<\t-u\-e 



1~S 



||x||''7r(dx) < C\t~u\^/^. 



n(0,ei) 



This last inequality and Equation (2.2) prove that ay.t > |- 
Proposition 1 ensures that almost surely 



□ 



V/i>0; i;,, = fl \ y Aa) \ ^ and Eo=(f]As]uS. (2.3) 

^S<l/h ' ^S>l/h ^ ^<5>0 ^ 



Furthermore, since the estimate of the Hausdorff dimension obtained in [22] does not rely 
on Assumption (1.7), Y satisfies almost surely 



I5h if he[Q,ll(3]] 
—oo else. 



2.2. 2-microlocal frontier: proof of Theorem 1 



Let us now study the 2-microlocal frontier of Levy processes. According to Theorem 3.13 in 
[32], for all t E [0, 1] and any s' > —ay.t, the sample path Y.{uj) almost surely belongs to the 
2-microlocal space C"'" . Furthermore, owing to the density of the set of jumps S{lu) in [0, 1], 
we necessarily have Y.{ui) ^ Cf'* for any ct > and s' € R. Hence, since the 2-microlocal 
frontier is a concave function with left- and right-derivatives between and 1, we obtain 
that almost surely, for alH e [0,1] 

Vs' e R+; aY,tis') > {aY,t + s') AO and ay.tis') < 0. 
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Therefore, we consider in the sequel on the negative component of the 2-niicrolocal frontier 
of Y . As outlined in the introduction and according to Definition 2 of 2-niicrolocal spaces, 
we need to study the increments around t of the integral of the process Y , i.e. 



Vu, V £ B{t, p); 



/ Y,ds-Pt{v) - / Y,As + Pt{u) 

Jb Jb 



(2.4) 



where b <t is fixed. The form of the polynomial Pt depends on /3. If /3 > 1, we only need to 
remove a linear component equal to Jj^ Yt ds, and therefore the increment simply corresponds 
to J^^{Ys — Yt) ds. On the other hand, if /3 < 1, the proof of Proposition 1 induces that we 
also need to subtract the compensation term s i— > (s — t) J^^q j^-j xir^dx). Then, in this case, 
we have to study 



Vw, V e B{t, p); 



\Ys-Yt-{s-t) xTr{dx)]ds 
^ Jd(o,i) ' 



For sake of readability, we divide the proof of Theorem 1 and its corollary in different 
technical lemmas. We begin by obtaining a global upper bound of the frontier. 



Lemma 2.3. Almost surely for all t e [0, 1], the 2-microlocal frontier (jy^t satisfies 

Vs' e R s.t avA-^') e [-1,0]; ayA-^') < + ^ (2.5) 



Proof. Let m g N, e > 0, a = (3{1 - 2e) and 7 = (3{1 + As). As stated in [22], to prove 
that aY,t < it is sufficient to exhibit for any e > a sequence (in)nGN such that 

ll^^tnll = and \t — i„| < 2~"". In order to extend this inequality to the 2-microlocal 
frontier and obtain equation (2.5), we need to reinforce the previous statement and show 
that in the neighbourhood of t„, there is no other jump of similar size. 

More precisely, let consider [2™"] consecutive intervals Ij of size 2"™". The family 
forms a cover of [0, 1]. Each Ij can be divided into at least [2'"('''~")J disjoint of intervals 
lij of size 2"™'''. Finally, let li j = 1} ^ ^Ifj U/f^- be the three consecutive intervals of same 
size inside lij. We investigate the probability of the following event 

A,,, J(4,i^(2-™, 1)) = 0} n {j{il^,D{2-'^, 1)) ^ 0} n 

{ J(/5,7^(2-™, 1)) - 1} n {j(I,„i^(2"'"(i+^),2"")) = 0}, 

Since J is a Poisson measure, Ai j corresponds to the intersection of independent events and 
we have 



tt{D{2-"', 1)) • exp(-2-'"^7r(i:'(2-", 1)) + 2-"'^tt{D{2-"'^'^+'\2-^))) . 



As described in [12], /3 can also be defined by /3 = inf|(5 > : limsup^^Q r^Tr(^B{r,l)) < cx)}. 
Therefore, there exists tq > such that for all r £ (0,ro], 7r(i3(r, 1)) < 7-"^'^^+^-'. Then, for 
all m € N large enough, we obtain 



P(A»j) > 2-™T"27r(i:»(2-'", 1)) • exp(-2 • 2-"''^') = 2-"'''-'^n{D{2-"' , 1)) • (1 + o™(l)). 
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According to the definition of /3, there also exists an increasing sequence (TO„)ngN such 
that for all n £ N, 7r(I?(2^™", 1)) > 2™"^^^^^\ Therefore, along this sub-sequence, we have 
> 2-5'""'3'^-2 . (1 + o„(l)) for any n e N. 
Let now consider the event Bnj defined by 

Bn,,= n 

Since the events (Aij)i are identical and independent, we obtain 

which leads to log(P(B„j)) < 2"''-'^'i-"^-^log{l-2-^"^"l^^-^ -{l + oil))) = -2'""'^^-3 . _^ 
o(l)), since 7 - a = 6l3e. Therefore, for all n e N, P(B„,j) < exp(-2'""'''^-3 . ^ o(l))). 
Finally, let i3„ = ^j^i Bnj- For all n S N, it satisfies 

P(S„) < 2™""+i • exp(-2'""''"-2 . < exp(Cm„ - 2"''^^^-^ ■ (1 + o(l))), 

where C is a positive constant. Hence, using Borel-Cantelli lemma, there exists an event fig 
of probability 1 such that for any w S ^Iq, there exists N{uj) and for all n > N{uj), 

[2'"""! La-"-'^--'] 
j=i i=i 

Let now t e [0, 1], G ilo and n > N{uj). There exist i, j e N such that t e Ij and w e ^i.j- 
Hence, according to the definition of the event Ai j, there is t„ S /^j- such that IjAYt^H > 
2-ni„ g^j-^j 1^ _ < 2~™"". Furthermore, there is no other jump of size greater than 
2-m„(i+.) in the ball B{tn,pn), where p„ = 2-""T/3. Since AFj^ = {Yt^^Yt) + {Yt-Yt„-), 
we necessarily have HFt^ - Yt\\ > 2"™"-! or \\Yt - yi„_|l > 2-"""^ Without any loss of 
generality, we assume in the sequel that |jlt„ — Yt\\ > 2^"'"^^ is satisfied. 

As previously outlined, we need to study the increments described in equation (2.4). 
Specifically, we observe on the interval [t„,t„ + p„] that 

Pn-iYt„-Yt)+ / {Ys^YtJds 

>p„.\\Yt„-Yt\\-J^ \\Y,-YtJds. 

Let obtain an upper bound for the second term. There is no jump of size greater than 
2-m„(i+e) jj^ |-]-^g interval (t„, i„ + Pn]- Therefore, for all s € {tn,tn + Pn], we have K, — Yt^ ~ 
yjn„(i+^) _ y-m„(i+e) _ _ f^'j jQj2-m„(i+e) i-^ xn(dx). Lemma 2.2 provides an upper bound 
for the first term. Indeed, let m„ = to„(1 + e)5, where 5 = + e) > (3. Using Borel- 
Cantelli lemma, we know that for any n G N sufficiently large, for all u,v G [0, 1] such 

that \u-v\< 2-™", ||yr"(^+^) - Y^-^-^^^Ml < Cm„2-""(i+^). Moreover, we observe that 



{Ys - Yt) ds 
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|s - tn\ < Pn = i2-"'"'^ < 2-™"^(i+^)' = 2-™"''. Therefore, using the previous inequahties, 
we obtain that almost surely for all n > N{lj) 



(2.6) 



To investigate the second integral term, we have distinguish the two different cases intro- 
duced above. 



1. If /3 > 1 , the integral of the linear drift corresponds to 



r 



(s - tn) ds 



Ll(2-'""(1+=),1) 



X 7r(dx) 



D(2- 



,1) 



X 7r(da;). 



The norm of the previous expression is bounded above by 



pI / \\x\\nidx)^pl / |lx|l(i+^)^.||2;||i-(i+^)^7r(dx) 

JD(2-'""(i+s),1) J_D(2-™n(i+e)4) 



.2-™„(l+.)(l-(l+e)« ii^i 
'£1(0,1) 

<Cp„-2^™"(i+^), 



(i+e) 



7r(da:) 



(2.7) 



as Pn = 2-™"T. 

2. If /3 < 1, we know that the drift u /^(^q x 7r(da;) can be removed from the Levy process. 
Therefore, we only have to consider the following quantity 



r 



(s - tn) ds 



X 7r(dx) 



Pn 



'Ll(0,2-"..(i+^)) ^ Jd(0,2-™"(i+=)) 

Since it can be assumed that (1 + e)/3 < 1, we similarly get 



X 7r(da;) 



pI I XTr{dx) 



< Pn I 11x11(1+")'^ • 11x11 l-(l+")'^7r(dx) 

< Cpl ■ 2-""(i+^)(i-(i+^)^) < Cpn ■ 2-™"(i+^). (2.8) 



Inequalities (2.6), (2.7) and (2.8) yield 



Y,ds~Ptitn + Pn) + Ptitn) 



> Pn ■ \\Yt,^ -Yt\\- CmnPn ' 2-""(l+^) 

> Pn ■ 2-™"-l - CrUnPn ' 2-™"(l+^) > C Pn ■ 2" 



where C and C are positive constants independent of n. Finally, since |t — i„| < 2 



Ysds-Ptitn+Pn) + Ptitn) 



> ^2-™"{l+^+/3(l+4^)} > C\t - t„| 



— m„ A 



(2.9) 



where A - i+^+/3(i+4e) 
wntrt A — /3(i_2£) ■ 
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Hence, according to Definition 2 of the 2-microlocal spaces, this last equation (2.9) ensures 
that 

Vs' e R s.t cry,t(s') e hl,0]; cry,t(s') < (A- 1 + s') AO. 

Since the inequahty holds for any e G Q > and A — >£_s-o+ 1 + we obtain the expected 
result. □ 

The following simple lemma will be used in the sequel to obtain the 2-microlocal frontier 
when aY,t < I//?- 

Lemma 2.4. Let a > /3, e > and fc G N such that 

a ^ (l + 3e)-(fc + l)_ ^2.10) 
j3 k 

For all m G N, let {Ij^rnjjeisi be the collection of successive suhintervals of [0, 1] of size 2^"™ . 

Then, there exists almost surely M{uS) £ N such that for all m > M and for any interval 
Ij.rn, there are at most k jumps of size greater than 2^'"(i+'^) in Ij^m- 

Proof. For any m e N and j G N, we know that J{Im,j,D{'2^"^^^~^'^\ 1)) is Poisson variable. 
Hence, we have 

y {j(/™,,,i?(2-W^),l)) >fc} <2"".exp(-A„) if ' 

where A^ = 2-"'"7r(i:)(2-™(i+'^), 1)). According to the definition of ^, we know that for all 
m sufficiently large. A™ < 2-™("-/3(i+3'^)). Therefore, 

|j{j(/„j,D(2-™(i+^),l)) >^]\< (72"^" .2-"('=+i)("-'5(i+3'^» (1 + 0(1)) 



= 2-™*(l + o(l)), 



where 5 is a positive constant, according to the assumption made on a, e and fc. Borel- 
Cantelli lemma concludes the proof. □ 

In the next lemma, we study the behaviour of the 2-microlocal frontier of Y at points 
t e [0,1] where ay.t G [0,1/2/3]. 

Lemma 2.5. Almost surely, for all h € [0, 1/2/3), we have — Ey^ and = 0, i.e. for 

all t e Eh 

Vs'eR; ay.t(s') = (ay,t + s')AO. 

Proof. Let e e Q > and a e Q > 2/3-1- 7e. Inequality (2.10) is satisfied for k ~ \. Therefore, 
Lemma 2.4 ensures that there exists almost surely M(a;) such that for any m > M(a;), the 
distance between two consecutive jumps of size larger than 2~'"(^+'^) is at least 2"™". 

Let h g [0,1/2/3] and t £ Eh H [0,1] \ S{u}) {t is not a jump time). According to 
characterisation (2.3) of the set Eh, there exist sequences (rn„)„gN and (t„)rieN such that 

VneN; i„ e B(t,2-""/''(i+^)) and || AFt^ || = 2-™'*. 
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As previously, we shall assume that ||lt — Yt„\\ > 2 



and investigate the increment 



^t^+P^^Y^ _ where p„ = 2-""". As stated in Lemma 2.3, for all n > N{uj), 

Vs e [t„,t„ + p„]; - < Cm„2-™"(i+-). 

Furthermore, the remaining integral also satisfies the following inequality. 
1. If /3 > 1, the norm of • /o(2-'"n(i+») i) ^'''(da;) is upper bounded by 



D(2-'""(i+^),l) 

since a > 2/3 + 7e. 
2. If /3 < 1, we similarly obtain 

(s - tn) ds 

Hence, previous inequalities yield 



7r(da;) 



0(0,1) 



< Cp„-2-'""(i+^\ 



a; 7r(da;) 



< Cpn ■ 2"™"(i+'^' 



/ 



Y,ds-Pt{tr,+Pn)+Pt{tn) 



> p„ • ||rt„ - Yt\\ - Cm„p„ ■ 2-'""(i+^) 
>C/9„-2-™". (2.11) 



If /i < 1/2/3, there exists a G Q > 2/3 such that h{l+e) < 1/a. We observe that \tn+Pn—t\ < 
2pn and the previous expression is lower bounded by C|t„ + p„ — tj"'^"'""'^/". Hence, the 2- 
microlocal frontier of F at i enjoys ay^tis') < (l/o; + s') A for all s' e R such that 
o'Y,t{s') G [—1,0]. Since this inequality is obtained for any a e Q such that h{l + e) < 1/a 
and a > 2/3 + 5e, we get the expected formula and = Eh- 

In the second case h= 1//3, we know that we can assume \tn + Pn^ A < 2|t — i„|. Thus, 
we have p„ • 2^™" > |i„ + Pn — i|2/9(i+£)+2^iQ(i+£)^ Similarly to the previous case and as 
e — ^ 0, we obtain the expected upper bound of the 2-microlocal frontier. 

To conclude this proof, let us consider the case t S 5(a;). We observe that for all u>t, 



Ysds^{u-t)Yt+ {Y,-Yt)ds with J^{Y,-Yt)ds 



oi\t~u\), 



since Y is right-continuous. Similarly, for all u < t, J^Ysds = {t — u)Yt- + o{\t — u\). 
Therefore, since AYf — Yt — Yt- ^ 0, there does not exist a polynomial Pt that can cancel 
both terms {u — t)Yt and (t — u)Yf_, which proves that (Ty.t(s') = s' A for all s' e R. □ 

For this last technical lemma, we focus on the particular case aY,t € (1/2/3, 1//3). 

Lemma 2.6. Almost surely, for all h E [1/2/3, 1//3), Y satisfies 

yVeO; dimniEh n V) = I3h and diia-uiEh nV) < 2ph - I {< ^h). (2.12) 



Furthermore, for any t £ Eh, we have aY,t{s') < ^"t^ for all s' £ R. 
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Proof. According to Lemma 1 in [22], for any m G N and e > 0, 

p(j([0,l],D(2~'"(^+^\l)) > 27r(i:»(2-'"(i+^\l)) +2m) < e"™. 

Hence, using Borel-Cantelli lemma, we know that almost surely, for any e e Q > and m 
sufficiently large, there are at most Nm = 27r(Z?(2^™*^^+'^\ 1)) + 2m jumps of size greater 
than 2-"(i+'^) on the interval [0, 1]. 

For any m e N, the process t i— > /^p jj^^^^j-mci+e) i-^xJ{(ls,dx) is compound Poisson 
process, and therefore differences between successive jumps are i.i.d. exponential random 
variables (ei^m)i6N- According to the previous calculus, we only have to consider the first 

Nm r.V. {ei^rn)i- 

Let £ € Q > 0, a e (/3,2/3)nQ and for all m e N, be the number of variables 
i^j,m)j<Nm which are smaller than 2~™". Y^ follows the binomial distribution of parameters 
p^'= l"- exp(2-™" • 7r(D(2-™(i+^), 1))) and = 7r(i:>(2-"(i+'^), 1)) + 2m. According to 
Markov inequality, 

P(y^ > 2'"(2/3(l+4e)-a)-J <- 2-™(2/9(l+4e)-a) . p<^N^ 

Therefore, using Borel-Cantelli lemma, almost surely for any a G (/3,2/3) n Q, Y^ < 
2m(2/3(i+4£)-a) f^j. ^ > A'f"(w). For any a e (13, 2/3) and m e N, let 5'"(w) designates 
the following set 

QCt II J [il rf — raa A , q — ma] i i [ir .-j— met ir , rj— ma] 1 

where and are respectively the left and right points which define the r.v. e^.m- 
Moreover, let S°'{uj) denotes limsup„j^_|_o^ S'^(a;). To obtain an upper for the Hausdorff 
dimension, we observe that for any M sufficiently large and 7 > 0, 

+00 +00 

m=M m=M 

The series converges if 7 < 2/3(1 + 4e)/a — 1. Since this property is satisfied for any e > 
and the definition of S" does not depend on e, it ensures that almost surely for any 
a G (/3, 2/3) n Q, dim^(S'") < 2/3/a — 1. Finally, since the family (S'")q is decreasing, the 
inequality stands for any a E (/3, 2/3). 

Let now consider h e (1/2/3, 1//3) and be r\a<i/hS". One readily verifies that dim-H(F?i) < 
2/3 /i - 1. Let t € Eh \ Fh. For any e > 0, there exists M such that for all m > M, t ^ S^, 
where a — fi{i+e) ■ Furthermore, as t € Eh, there exist sequences (TOTi)neN and (tn)neN such 
that Vn e N, t„ e i?(t, 2~'""") and ||AFt„ || = 2"™". Without any loss of generahty, we can 
assume that m„ > M for all n S N. Then, since t ^ S^^, we know that for all n G N, there 
is no jump of size larger than 2~™"(i+^) in i3(i„, 2"™""). 

Therefore, a reasoning similar to Lemma 2.5 yields 



Ysds-Pt{t„+Pn) + Pt{tn) 
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where p„ — 2 Since this inequahty is satisfied for any e > and a = l/h{l + e), the 

2-niicrolocal frontier enjoys (JY,t{s') < {h + s') A for all s' E R such that ay.tis') G [—1,0]. 
Hence, we have proved that E/^ \ C and E^ C F^, and since dini^(_F'/j) < 2/3ft, — 1 and 
d\mi-i{Eh \ Ffi) = Ph, we obtain the expected estimates. 

To conclude this lemma, we obtain an upper bound of the 2-microlocal frontier in the 
case t e E}i. Let 7 > 2/3 + 7e, s' < —h and p„ = 2"™"'''. Equation (2.11) obtained in the 
previous lemma still holds 



Ysds~Pt{tn+Pn)+Pt{tn) 



This inequality ensures that for all e S Q > and s' < —h, aY,t{s' (l+s)) < {h+s'){l+e)a/^. 
The limit e — leads to the expected upper bound. □ 

Before finally proving Theorem 1 and its corollary on the 2-microlocal frontier of Levy 
processes, we recall the following result on the increments of a Brownian motion. The proof 
can be found in [1] (inequality (8.8.26)). 

Lemma 2.7. Let B be a d-dimensional Brownian motion. There exists an event fig 0/ 
probability one such that for all lo G e > 0, there exists h{uj) > such that for all 
p < h{uj) and t G [0, 1], we have 

sup {\\B^-B4]>p^l^+'. 
u,veB{t,p) 

Proof of Theorem 1. We use the notations introduced at the beginning of the section. As 
previously said, the compound Poisson process TV can be ignored since it does not influence 
the final regularity. 

If Q = 0, and therefore 5 = and (3' — /3, Lemmas 2.3, 2.5 and 2.6 on the component Y 
yield Theorem 1. 

Otherwise, the Levy process X corresponds to the sum of the Brownian motion B and 
the jump component Y. Still using Lemmas 2.3, 2.5 and 2.6, it is sufficient to prove that 
almost surely for all t € [0,1], ax,t = cs,* A aY,t- Owing to the definition of 2-microlocal 
frontier, we already know that ax,t > crs.t A ay^t- Furthermore, when aB,t{s') ^ <JY,tis'), it 
is straight forward to get <Jx,t{s') = (^B,t{s') A aY,t{s')- Therefore, to obtain Theorem 1, we 
have to prove that almost surely for all t G [0, 1], cr^.t ^ o'B.t = s' H' (1/2 -I- s') A 1/2. 

1. If /?' = /3 = 2, we only need to slightly modify the proof of Lemma 2.3. More precisely, let 
consider the same constructed sequence (in)nGN- We observe that since B is almost surely 
continuous, ||AXt^|| > 2~™" and thus, we can still assume that \\Xt^ — Xt\\ > 2~"'"~^. 
Then, we have 

f"^''\Xs-Xt)ds^Pn-{Xt„-Xt)+ r^'\Ys-YOds+ ["^'"{B.-Btjds. 
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Since _B is a Brownian motion, we know there exists C{lS) > such that for all u,v Cz 
[0, 1], \\Bu — -B^ll < C\u — Hence, the last term in the previous equation satisfies 



/ 



t,^+P,^ 



{B,-Btjds 



< C 



where we recall that p„ — 2^™"'^(i+''^'/3. This term is negligible in front of pn-{Xt^—Xt), 
and the rest of the proof of Lemma 2.3 ensures that (Jx,t{s') < (1/2 + s') A 0, for all 
s' e R such that ax,t{s') G [—1, 0], which is sufficient to obtain Theorem 1. 

2. If /? < 2, let a = 2 and e > 0. According to Lemma 2.4, there exist A: G N and M (w) G N 
such that for all m > M, there are at most k jumps of size greater than 2^™(^+''^) in 
any interval /j,m- Hence, for any j G N, there exists a subinterval I„ij of size 2^"™/fc 
and with no such jump inside. 

Lemma 2.2 proves that AI{uj) can be chosen such that for all m > M{ljj), 



Vw,wg[0, 1] s.t. 



i;| < 2" 



|-y^m(l+3e) _ -y^m(l+3£)|| ^ Cm2^"^^^'^^'^'^ 



Let t G [0,1] and j G N such that t G Im,j- According to Lemma 2.7, there exist 



such that \\Bu - B^\\ > 2-™(i+2^). Then, we know that 
Xu - x,\\ > - B,\\ - - ^"^'+'"^11 -\u~v\- 



X 7r(dx) 



D(2-"(i+3=),l) 

where £ and C can be chosen such that |u — w| • ||/Q^2-'"(i+3e) i) ^ '"'(da;) || < (72"™'^-'^+'^^). 
Thus, \\X^-X^\\ > 2-™(i+2'^)-i and therefore, for any m sufficiently large, there exists 
tm G Im,j such that \\Xt^ ^Xt\\ > 2^™(i+2'^)^2. Furthermore, t„i can be chosen such that 
there are no jumps of size greater than 2~'"(i+^'^) in B{tm, Pm), where p„ = 2~™"/3fc. 
Then, using a reasoning similar to the previous point, we obtain for any m > M{ijj), 



{X, ~ Xt) ds 



> Cp„, ■ 2-"(i+2'^) > C\t - i,„p/2+^ 



This inequality implies that for all s' G R such that ax,t{s') G [—1, 0], crx.t(s') < 1/2+s', 
which concludes the proof. 

□ 

Proof of Corollary 1. Owing to Theorem 1, the case cr = corresponds to the classic 
spectrum of singularity. Hence, let a G [—1,0). We recall that s denotes the parameter 
a — s' . If s > 1//3' or s < 0, the result is straight forward using Theorem 1 and properties 
of the 2-microlocal frontier. 

Hence, we suppose a G [—1,0) and s G [0,1//?'). We note that E^.s' = G R+ : 
cx.t('S') = cr}, since the negative component of the 2-microlocal frontier of X can not be 
constant. Thus, E^- s' satisfies 



VsG [0,l//3'); EsCE^^s' ^Es U[j Eh. 



(2.13) 



h<s 
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Using notations introduced in the proof of Lemma 2.6, we know that for all < s, C Fg, 
where dim-H(Fs) < 2/3s — 1 < /3s. Therefore, this inequality and equation (2.13) ensures that 



2. 3. Examples of Levy measures 

As previously outlined, the collection of sets (-E'/i)?igR_|_ considered in Theorem 1 gathers 
times at which the 2-microlocal regularity is unusual (the slope of the frontier is not equal 
to 1). In this section, we present examples of Levy processes which show that for a fixed 
Blumenthal-Getoor exponent, different situations may occur, depending on the form of the 
Levy measure. It is assumed in the sequel that d = 1. 

Example 1. Let tt be a Levy measure such that 7r((— cx),0)) = 0. Then, the Levy process 
Y with generating triplet (0, 0, tt) almost surely satisfies, 

Vt e R+, s e R; cry^t(s') = {ay^t + s) A 0. 

Proof. According to Theorem 1, we have to prove that for all h E R_|-, Eh — %■ For that 
purpose, we extend Lemma 2.5 to any h £ [0, 1//3). Let (t„)„gN still be a sequence such that 
lAYt^ I > 2"™" and p„ = tn—t for all n G N. We first assume that /3 > 1. Similarly to Lemma 
2.5, we obtain \{u - t) /^(2_„„(i^,,_^j a;7r(d:E)| < C2-™"(i+^) and |rj""^'+'^ - < 

Cm„2-""(i+^) for all u G [t,t„ + /o„]. 

Furthermore, owing to the definition of tt, there are only positive jumps in the interval 
[t, tn + Pn] - Hence, if we consider the contribution to the increment Yu — Yt of jumps of size 
greater than 2^™"(i+^), it is positive and larger than 2~™" for all u> tn- Therefore, 



Vn e N; 



iYg-Yt)ds 



> Cpn2~ 



The rest of the proof of Lemma 2.5 holds and ensures the equality. The case /3 < 1 is treated 
similarly. □ 

The 2-microlocal frontier obtained in the previous example is proved to be classic at 
any t G R^. This behaviour is due to the existence of only positive jumps which can not 
locally compensate each other. Similarly, the proof of Lemma 2.5 focuses on times where 
the distance between two consecutive jumps of close size is always sufficiently large so that 
there is no compensation phenomena. 

Hence, in order to exhibit some unusual 2-microlocal regularity, we consider in the next 
example points where jumps are locally compensated at any scale. 

Example 2. For any /3 e (0, 1) and all h £ {j^, -g), there exists a Levy measure tt^ such 
that its Blumenthal-Getoor exponent is /? and the Levy process Y with generating triplet 
(0, 0, TT/i) almost surely satisfies Eh ^■ 

Proof. Let f3 G (0, 1) and a, 5, 7 G (/3, 2/3) such that a < S < Let the measure Wh, where 
h^l/S, be 

+00 -All 
nh{dx)^y22'"P{S2-,4dx) + S_^-,4dx)) where Vn e N; j^+i 



, 2/3-27- 
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a and 5 are supposed to satisfy 2/? — 27 + a > 0. We note that j„ +00 since 5 > [3 and 
2/3 — 27 + a < /3. One readify verifies that the Blumenthal-Getoor exponent of tt/i is equal 
to p. Moreover, since the measure iTh is symmetric, y is a pure jump process with no hncar 
component. 

The construction of the example is divided in two parts. We first define a random time 
set Kioj) and prove it is not empty with a positive probability. Then, we determine the 
2-microlocal frontier of points from K{uj) in order to exhibit unusual behaviours. 

More precisely, let define an inhomogeneous Galton- Watson process (r„)„gN that is used 
to construct the random set K(u>). Every individual of generation n — 1 represents a an 
interval In~i of size 2~^'^-^^ and the distribution of its offspring is denoted i„. 

There exist at least m„ = Y2-jn-i^+Uo'-2]^ intervals (h^riji of size 3 • 2"-'"" inside /„. 
Then, for every i, let consider an interval /i^„ of size 2 centered inside li^n- 

Let pn denotes the probability of the existence of two jumps of size 2"-'" but with different 
signs inside an interval and the absence of 2~^" jumps in the rest of /i^„. It is equal to 

p„ = 2-2j"(7-«+i exp(-2-^"(''-^)+i) • exp(-2^"^(3 • 2-^"" - 2-'"^)). 

The distribution of the offspring L„ is defined as the number of intervals li^n which satisfy 
such a configuration. It follows a Binomial distribution B(mn,Pn) with the following mean, 

owing to the definition of {jn)ne'N- Then, to every is associated a family of subintervals 
{Ii,n)ieL„ such that for all i G L„, /i_„ is a subinterval of /i_„ of size 2^^"'^ and the distance 
between and li^n is equal to 2~^"^ . 

Let now define the random set K{uj) as following: 

^(^) = n u 

We observe that K{uj) is nonempty if and only if the Galton- Watson tree (T„)„gN survives. 
According to Proposition 1.2 in [14], if (T„)„gN satisfies the conditions 

sup E[Ll] < +00, inf E[Ln] > and liminf (E[r„])^/" > 1 

„gN neN nSN 

then the survival probability lim„£N]P(7ri > 0) is strictly positive. One readily verifies that 
E[Ll] < SmnPn and E[7^„] = np=i ^[Lp] for all n e N, proving that ¥{K{uj) ^ 0) > 0. 

Let set LJ E {K 7^ 0}, f G K{La) and determine the regularity of Y.{ljj) at t. Owing to the 
construction of K{uj), there exists a sequence (<n)neN which converges to t and such that 

VnGN; 2"^"'' < |t-i„| <2-2"^"'' and |Ayf„| = 2"^". 

It clearly proves that t belongs to As' for all 5' > S. Since we also know that the distance 
between t and a jump of size 2~^" is a at least 2~^"^, t ^ As' for all S' < S. Hence t E Eh 
and the pointwise Holder exponent uya is equal to h. 

Let now study the 2-microlocal frontier of F at t and set u G B{t,p) with p sufficiently 
small. There exists n G N such that 2^^"^ < \t — u\ < 2~^"~'-^ . Two different cases have to 
be distinguished. 
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1. If 2^^"'' < \t — u\ < 2^-'"", there exist at most two jumps of size 2^-'" in the interval [t, u\ 
(corresponding to the jumps inside Let first estimate the contribution — 

to the increment. For any 5' e (/3, 1), Lemma 2.2 ensures that almost surely for 
all n e N 



sup 

s,t)G[0,l],|s— "I<2"^" + 1'' 



(2.14) 



Then, dividing [i, m] in subintervals of size 2 -'"+1^ , we obtain for any s g 



<CK-7/|-j„2-^"*(i-^')/(2^-2^+") 

< C\og{\t~u\-^) ■ / "+2/3-27+^;. 

If we consider the exponent at the limit a, 7 ^ (5 and 6' — > /3, it is equal to 5 + ^^p^ ■ 
One easily verifies that it is strictly greater than 1 for all /3 e (0,1) and 5 E (/3,2/3). 
Hence, owing to the continuity of the fraction, we can assume there exists e > such 
^^^^ 2^13 -2^+ a ^ 1 + £ when a, 7 and S' are sufficiently close to S and /3. It ensures that 
for s e [t,u], \Ys 



Since the distance between the two jumps of size 2^^" in the interval [t, u] is at most 
2-J-T, 



{Y,-Yt)ds < 



< C\t - + \t- u\'^'+-</' < C\t - (2.15) 

as 7 > (5. 

2. Let now assume 2"-'"" < |< — u| < 2^-'"-i''. We first note that there are no jumps of 
size greater than 2"-'" inside the interval [t,u]. Hence, if — m| < 2^^"^ , equation (2.14) 
ensures that 

\Yu~Yt\<3jn2-'" <Clog{\t-u\-^) -It-u]'/^ <C\t-u\^^+'^/', (2.16) 
since we can assume that a{l + e) < S. If |t — u| > 2"^"'^ , we have 
\Yu^Yt\<V-''\t~u\-3j,,2-^- 

(2.17) 



-I, i_ s' 
<Clog{\t~u\-'^)\t-u\^s' 2/3-27+a 



The exponent at the limit ~> S and 5' — > /? is equal to 1 + ^ — 2^^- Similarly to 
the previous case, one verifies that it is strictly greater than 1/S for all /? G (0, 1) and 
S € (/3,2/3), and therefore a, 7 and S' can be chosen such that — Ft] < C\t — u\^^^^^/^ . 
Hence, equations (2.16) and (2.17) yield 



/u 
{Ys-Yt)ds 



(2.18) 



where the constant C is independent of n. 
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Owing to equations (2.15) and (2.18), the 2-niicrolocal frontier ay.t of F at i is greater than 
s' H> A 0. Hence, for any w G fi, K{uj) C Eh{i-^) and thus V{Eh 7^ 0) > 0. Furthermore, 
using Kolmogorov — 1 law, we also know that V{Eh 7^ 0) G {0, 1}, which ends the proof. □ 

Example 2 justifies the distinction made in Theorem 1 between the normal behaviour 
{Eh)h and the exceptional one {Eh)h- Nevertheless, if the previous examples prove that 
difi^erent regularities can be obtained, depending on the form of the Levy measure, it remains 
an open problem to characterize completely the 2-microlocal frontier for any Levy process. 



3. Regularity of linear (multi) fractional stable motion 

The linear fractional stable motion (LFSM) is a stochastic process that has been considered 
by several authors: Maejima [29], Takashima [44], Kono and Maejima [28], Samorodnitsky 
and Taqqu [39], Ayache et al. [6], Ayache and Hamonier [4]. Its general integral form is 
defined by 



+a- [{t - u)"-'/'' - (-1^)^-^/"] } M^^^idu), (3.1) 



where H e (0, 1), (a+, a^) E \ (0, 0) and Ma^p is an a-stable random measure on R with 
Lebesgue control measure A and skewness intensity /?(•) G [—1, 1]. Throughout this paper, it 
is assumed that /3 is constant, and equal to zero when a = 1. In this context, for any Borel 
set A C R, the characteristic function of Ma^i3{A) is given by 

^l^^eM^AA)] = fexp{-A(A)|0|-(l-i/3sign(0)tan(a7r/2))} if a G (0, 1) U (1, 2); 
^ ^ |exp{-A(A)|6l|} ifa=l. 

For sake of readability, we consider in the rest of the section the particular case (a+, a~) = 
(1,0) (even though as stated [39], the law of the process depends on values (a"*", a~) chosen). 

To begin with, let us obtain in the next statement an alternative representation for the 
two-parameter field {t,H) ^ X{t,H) = ^^{{t - u)"-^'"" - {-u)"~^'°'] M„,^(du). 

Proposition 2. For all t E H and H G (0, 1), the random variable X{t, H) satisfies 

'ch |^L„{(t-«)r^/"-^-(-«)r^/"-^}d« if He [1,1); 

Ch f {(L„-Lt)(i-«)r'^""'-i"(-")r'^""'}d« ^fH^iO,^], 

(3.2) 

where Ch = H — l/a and L is an a-stable Levy process defined by 

VtGR+ Lt^ Ma,fi{[0,t]) and Vt G R_ = -Af„,^([i, 0]). 
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Proof. Let i e R and H e (0, 1). Since {Li)t(z-R. is an a-stable Levy process, it has cadlag 
sample paths. According to [3] (chap. 4.3.4), the theory of the stochastic integration based a- 
stable Levy processes coincide integrals with respect to a-stable random measure. Therefore, 
the r.v. X{t,H) is almost surely equal to J^{{t — u)^~^^°' — (— m)^~^^"} dL„. Let e > 
and b < t. Using a classic integration by parts formula, we obtain 

Jb 

-[h jy L^{t-u)"-^'''-^du. (3.3) 

1. If G l), -ff — l/a > 0. Hence, ^ Lu{t — u)^"^^°'~^ du almost surely converges 
to Lu-{t — u)^^^/°'~^ du when e — > 0. Similarly, ^ [t — u)^~^/" dL^ converges in 
i"(ri). Therefore, using equation (3.3) with 1 = and & < 0, we obtain almost surely 

f^[{t-u)"-^/'^ - (-«)^-i/«}dL„ = Ch j\^{{t-u)"-^l'^-' (-«)^-i/"-i}d« 

-ife{(i- 6)^-1/" -(-6)^-1/"}. 

When b — >■ — oo, the left-term clearly converges to X{t,H) in L°'{il). According to [36], 
we know that almost surely for any e > 0, limsup^^_g^ — 0. Furthermore, 

we also have {t - u)"-^^°'-^ - (-m)^-i/"-i -_oo {-u)"~^/°'~^ and {t - b)"-^/" - 
{—b)^~^^" ~-oo (— 6)^~^/"~^. Therefore, as H < 1 and using the dominated conver- 
gence theorem, the right-term almost surely converges to the expected integral. 

2. If iJ e (O, we observe that equation (3.3) can be slightly transformed into 

= ^ \t~u)"'^l'-dL,,-(H-^ \Lu-Lt){t-u)''-'/"-'du. 

According to [36], ay^t ^= l/o;. Therefore, up to an extracted sequence, the previous 
expression almost surely converges when e — > and using a similar formula for t — 0, 
we obtain 

l^{{t-u)"-'/'^-{-u)"-'/'^}dL^ 

- Ch J^{iLu - L,){t - u)"-^'"-^ - L^{~u)"-^'"-^]du 

- Lfc|(t - &)^-i/« _ (-6)^-i/"| + 2,,(i - 6)^-1/". 

The property limsup„_>._o^ = and the previous equivalents yield equation 

(3.2). 
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To end this proof, let consider the integral representation in the particular case H ~ 1/a. 
In fact, equation (3.2) is a slightly misuse since the expression does not exist. Nevertheless, 
we prove that it converges almost surely to X{t, 1/a) = Lt when _ff — > \/a. 
Let first assume that H 1/a and rewrite X{t,H) as 

X{t, H) = Ch f {{K - Ltlu>bKt - u)"^-'/"-' - L^{-u)'^-'/''-'}du + Lt{t - 6)^-1/", 

J R, 

The first component of the expression converges to zero since Ch -^h-^i/o and ay.t 
l/a. As the second part simply converges to Lf , we get the expected limit. The case H \l/a 
is treated similarly. □ 

Picard [35] determined a similar representation for fractional Brownian motion. We now 
use this statement to prove Theorem 2. 

Proof of Theorem 2. Let H e (0, 1) and a £ [1,2). 

1. If iJ > l/a, we note that the representation obtained in Proposition 2 is defined almost 
surely for all < e R. Therefore, let set cj S fig and t E R. As previously, we can assume 
that t g [0, 1]. Then, we observe that 

Xt = CH f Lu{t-u)l-^'''-Uu + CH f U{~u)l-^'''-Uu 

Jb Jb 

+ Ch f LJ{t-u)1~"''~'-{-u)'l-"''-']du, 

J — oo 

where 6 < is fixed. The second term is simply a constant that does not infiuence 
the regularity. Similarly, using the dominated convergence theorem, we note that the 
third one is a C°° function on the interval [0, 1], and therefore has no impact on the 
2-microlocal frontier. 

Finally, the first term corresponds to a fractional integral of order H — oi the process 
L. According to the properties satisfied by the 2-microlocal spaces (see e.g. Theorem 1.1 
in [24]), we know that almost surely for all t G R, the 2-microlocal frontier ax.t of 
X(», H) simply corresponds to a translation of Us frontier aL.t- 

2. li H < 1/a, we observe that dim-u{{t eR : aL,t < 1/a — H}) < 1 owing to Proposition 
1 and since H > 0. Hence, for every w € ^Iq, formula (3.2) is well-defined almost 
everywhere on R. Anywhere else, we may simply assume that X{t, H) is set to zero. 
Similarly to the previous case H > 1/a, the regularity of X only depends on properties 
of the component 

t^CH [ {U,-Lt){t~u)l-^'''-Uu. 

Jb 

One might recognize a Marchaud fractional derivative (see e.g. [38]). Let us modify this 
expression to exhibit a more classic form of fractional derivative. For almost all s G [0,1] 
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and e > 0, wc have 



PS — S PS — S pS pS-~-£ 

/ Lu{s-u)"-^/°'du = CH Ludu {v - u)"-^^""-^ dv + e"-^/°' Udu 

Jb Jb Ju+e Jb 

^Ch I ' du ( {Lu~L,){v-u)"-'/"-'dv 



rS — e rS — e rS 

/ Ludu + Cn du L.,{v - u)"-^'""-^ dv 

J b J h J u-\-e 



The last two terms are equal to 

e-^-i/" / Ludu-e"-^''' f L^dv+ f Ly{v - b)"-^'" dv, 

Jb Jb+e Jb+e 

which converges to Ly{v — b)^^^/°'dv as e — > 0. Similarly, using the dominated 
convergence theorem, the first term converges to Ch dv {Lu~Ly){v—u)^~^^°'~^ du, 
and therefore 

L„(s-M)^~i/"du = CH / dv (L„-i„)(i;-w)^-i/"-Mw+ / Ly{v^b)"-^'°' dv. 



According to classic real analysis results, the previous expression is difFerentiable almost 
everywhere on the interval [0, 1], and therefore 

Ch J\lu - Lt){t - u)^-^/"-^ du ^ Lu{t - u)"-'/'^ du ~ U{t - b)"-^'^, 

for almost all t e [0, 1]. The last two formulas ensure that X{-,H) e iyj'^^(R) a.s., and 
thus, X(', H) is a tempered distribution whose 2-microlocal regularity can be determined 
as well. 

Similarly to the previous case, the term t Lu{t — u)^^^^" du is a Riemann-Liouville 
fractional integral of order H—l/a+1 > 0. Hence, at any t e R, the 2-microlocal frontier 
of the distribution ^ Lu{t — du is equal to aY,t + H — 1/a. 

Since the regularity of the second component locally corresponds to spectrum of i, it does 
not have any influence. Therefore, almost surely for all i G R, the 2-microlocal frontier 
ax.t of X{', H) corresponds to a translation of Us frontier, i.e. ax,t — o'L,t + H — 1/a. 

In both cases that regularity of X can be deduced from L's 2-microlocal frontier. Hence, 
using Corollary 1 and since L is an a-stable Levy process, we obtain the spectrum described 
in equation (1.13). □ 

Another class of processes similar to the LFSM has been introduced and studied in 
[11, 31, 15]. Named fractional Levy processes, it is defined by 



where d € (0,1/2) and L is a Levy process enjoying Q — (no Brownian component), 
E[L(1)] — and E[L(1)^] < -l-oo. Owing to this last assumption on L, LFSMs are not 
fractional Levy processes. Nevertheless, their multifractal regularity can be determined as 
well. 
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Proposition 3. Let X be a a fractional Levy process parametrized by d ^ (0,1 /2) . It satisfies 
almost surely for all a E [d — 1, d] , 

iB(s~d) if s e \d,d+ , , 

I — oo otherwise. 

where /3 designates the Blumenthal-Getoor exponent of the Levy process. Furthermore, for 
all s' £ R, Ea-^s' is empty if a > d. 

Proof. Marquardt [31] established (Theorem 3.3) a representation of fractional Levy pro- 
cesses equivalent to Proposition 2. Based on this result, an adaptation of Theorem 2 proof 
yields equation (3.4). □ 

Similarly to the LFSM, this statement refines regularity results established in [11, 31] and 
proves that the multifractal spectrum of a fractional Levy process is equal to 

I — CX3 otherwise. 
Let us finally conclude this section with the proof of Theorem 3. 

Proof of Theorem 3. Let {Xt)te'R. be a linear multifractional stable motion with a € (1,2) 
and Hurst function H{-) G (l/a, 1). According to the representation obtained in Proposition 
2, Xt is almost surely equal to X{t,H{t)). Let t € R and p > 0. For all u,v £ B{t,p), we 
investigate the increment 

X,, - X,. = {X{u, H{u)) - X{v, H{u))) + {X{v, H{u)) - X{v, H{v))) 

Using the dominated convergence theorem, we know that the the field {t, H) i—> X{t, H) is 
differentiable on the variable H . Therefore, the mean value theorem ensures that the second 
term is upper bounded by C\H{u) — H{v)\. Furthermore, the first component satisfies 

rH(u) 

X{u, H{u)) - X{v, H{u)) = X{u, H{t)) - X{v, H{t)) + / (9hX(m, h) - dHX{v, h))dh. 

JH{t) 

The increment X{u, H{t)) — X{v,H{t)) corresponds to the increment a LFSM with Hurst 
index H{t) whereas the second term can be upper bounded by C\H{u) — _ff(t)||ii — v\'^, 
where h satisfies 1/a < h < min^^j p) H{-). 

Since H satisfies the Hq assumption, the proof of Theorem 2 and the previous inequalities 
ensure that, 

Vs' G R; axA^') > + H{t) - ^ + s') A {H{t) - i) . 

Furthermore, if t £ Eh, we also obtain ax,t{s') < ctL.t + H{t) — - + s' , proving in particular 
that ax,t — CtL.t + H{t) — 1/a. 

Finally, as the set of jumps S{uj) of L is dense in [0,1], for all p,e > 0, there exists 
V G B{t, p) such that ax,v < H{t) — 1/a + e. Hence, the 2-microlocal frontier almost surely 
satisfies for all t £ [0,1] 

Vs' £ R; ax,t{s') = {aL,t + H{t) - ^ + s') A {H{t) - i) . 
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Therefore, Theorem 1 and the contmuity of H{-) ensure Equahty (1-15) for all a G [0, H{t) — 
l/a). □ 

Remark 7. The representation of the LMSM derived from Proposition 2 provides answers 
to different points raised in [42]. 

Firstly, if the Hurst function is continuous and satisfies H{-) G (1/q:,1], then the corre- 
sponding LMSM t I— >■ X{t,H{t)) is almost surely continuous. Indeed, according to Propo- 
sition 2, the random field X{t,H) is continuous on the domain R x (l/a,!]. Hence, the 
composition with the Hurst function H(-) also enjoys this property. 

Moreover, if the continuous Hurst function satisfies the weaker condition H{-) E [l/a, 1], 
then the LMSM t H> X{t, H(t)) is continuous if and only if the C^{H-^{^}) = 0. Otherwise, 
the process almost surely has cadlag sample paths. Indeed, still according to Proposition 2, 
the random field X{t,H) is cadlag on the domain R x [l/a, 1] and its jumps coincide with 
the jumps of L. Hence, X{t,H{t)) is continuous if and only if H~^{^} n S'(w) = 0, i.e. iff 
(0, +oo)) 0. Since J is a Poisson measure of intensity (8) tt, it occurs if and 
only if we have £i(iJ-i{i}) = 0. 

Remark 8. In the case H{-) does not satisfy the assumption S > sup^^-^ H{t), the proof 
of Theorem 3 can be modified to extend the statement and generalize results obtained in 
[42]. This complete study is made in [8] for the multifractional Brownian motion. For sake 
of clarity, we prefer to focus in this work on (■Ho)-Hurst functions and LMSM's multifractal 
nature obtained in this case. 

Remark 9. Although it is assumed all along this section that H{-) is deterministic, owing 
to the representation exhibited in Proposition 2, Theorems 2 and 3 still hold if H{-) is 
a continuous random process. Hence, based on these results, a class of random processes 
with random and non-homogeneous multifractal spectrum can be easily exhibited. A similar 
extension of the multifractional Brownian motion has been introduced and studied by Ayache 
and Taqqu [5]. 
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